An equivalent circuit model for the resonant-type vertical comb-driven optical MEMS (micro electro mechanical system) scanner has been developed based on the simple extension of the parallel-plate model. Both the electrostatic torque and the induction charge models are interpreted by using the equation-defined nonlinear dependent current source on the electrical circuit simulator platform. A systematic procedure has been investigated to fit the analytical model with the experimental results by using fitting parameters including the damping coefficient, the suspension width, and the comb gap. The developed simulation model has been used to verify a new control scheme to tune the scanner's oscillation amplitude in resonance by means of the pulse-width modulation of voltage at a given pulse height; the result indicates the effective use of digital electronics for the comb-driven optical scanner.
Introduction
Electrostatic MEMS (micro electro mechanical systems) optical scanners of resonant-type are known to deliver large scan angle with relatively small drive voltage thanks to the amplitude multiplying mechanism at resonance, and they found various industrial applications including barcode reader scanners (1) , image projection displays (2) (3) , laser range finders (4) , fiber optic endoscopes (5) , and laser printers (1) . Due to the recent progress in the bulk silicon micromachining technique based on the DRIE (deep reactive ion etching) process, the vertical comb-drive electrostatic actuators are widely used to mechanically excite the out-of-plane motion of an optical-grade flat mirror plate (6) .
Vertical comb-drive has also been used in a high fill factor optical scanner developed by the multi-layered surface micromachining process (7) .
Amplitude-controlled sinusoidal voltage is usually used for the first test to excite such optical scanners with the vertical comb mechanism but a careful experimental trial suggests that a sinusoidal signal would not be an effective waveform, as the electrostatic torque is generated within a short fraction of the scanner's oscillation period, where the movable comb is engaged in the gap of the fixed ones. For this reason, a square wave voltage is used for the practical implementation of devices (1) (2) ; nonetheless the voltage amplitude is used as a parameter to control the scan range in an analog manner. This work further investigates the electromechanical behavior of the electrostatic vertical comb-drive mechanism by using an analytical model for the comb capacitance. An equivalent circuit model has been developed by using the comb dimensions as modeling parameters, and the dynamic behavior of the vertical comb scanner has been co-solved with the mechanical restoring torque using an electrical circuit simulator (8) . A new scheme of scan amplitude control has been demonstrated in both simulation and experiment by using the duty-ratio of the pulse-width modulation of voltage at given pulse height. The result suggests that the MEMS scanner controller can be implemented as a digital microelectronics.
Optical Scanner
The optical scanner used in this work has been originally developed as a spatial light modulator for an optical fiber endoscope reported elsewhere (9) . We used an SOI (silicon on insulator) wafer of a 30-µm-thick active layer bonded onto a 500-µm-thick handle wafer with a 1-µm-thick BOX (buried oxide) in between, and micromachined the both top and bottom surfaces by using the DRIE (deep reactive ion etching) process to form the scanner structure. Fig. 1(a) shows the SEM (scanning electron microscope) image of the entire chip, which was 2 mm × 3 mm in area. A mirror of 1.0 mm × 1.5 mm was supported with a pair of torsion beams of 3 µm wide and 250 µm. Total 132 pairs of vertical comb electrodes of 10 µm wide and 150 µm long with a 5 µm gap were arranged on the edges of the mirror, as shown in Fig. 1(b) , to generate the electrostatic torque for the resonance operation. The actual dimensions may slightly differ from these designed values; in particular, the suspension width and the comb gap were sensitive to the microfabrication processes, and hence they were used as a fitting parameter in this work. The root of each torsion beam was anchored to a plate with many release-holes called "stiction-pad," which had been brought into contact with the surface of the handle wafer by the surface stiction force after the sacrificial release etching (10) . The stiction pad and the torsion beam were mechanically linked with an H-shaped hinge that had a function to convert the downward motion of the stiction pad to the rotational motion to twist the torsion bar, resulting in the initial offset angle of the mirror. As seen in Fig. 1(b) , the tips of the comb electrodes (located at 650 µm from the rotation axis) had been elevated by the self-assembly. The initial tip elevation was measured to be 10 µm with the laser confocal microscope, and therefore the initial offset angle was calculated to be 0.88 degrees. The design parameters are listed in Table 1 . Figure 2 (a) and (b) respectively illustrate the analytical model for the electrostatic vertical comb scanner and the cross section of the electrodes of unit length perpendicular to the page plane. The electrodes on the sides (hatched) are mechanically fixed and electrically biased to voltage F V , while the movable electrode in the middle is electrically grounded ( 0 M V = ). We use the parallel-plate capacitor model to represent the electrical capacitance formed on the both sides of the movable electrode as The simplified parallel-plate model is used so long as the movable comb is engaged between the fixed ones, h y h − ≤ ≤ , and we presume 0 C = for other values of y as shown in Fig. 3(a) ; in other words, we have neglected the electrostatic capacitance associated to the electrostatic field concentration on the comb edges and tips.
Analytical Model for Optical Scanner

Analytical Model for Vertical Comb
The electrostatic force per unit comb length is calculated by taking the derivative of C with respect to the displacement y as ( ) ( ) which goes in the opposite direction of the displacement y , as shown in Fig. 3(b) ; due to the simplified parallel-plate model, the magnitude of force is thus digitized to be
. We will come back to the discussions on this consequence in Section 4.2.
Torque Model
Considering the local force acting on a small fraction of a comb length dx located at distance x from the rotation axis of the scanner, we write the electrostatic torque as F x ⋅ , and therefore the net torque per comb finger is written as
where 1 L and 2 L are the lengths measured from the rotation axis, where the movable comb finger is engaged to make a parallel-plate capacitor. A signum function is used to show the torque direction opposite to the displacement. Considering the root position of the comb R L and the tip spacing of the comb T l as illustrated in Fig. 4(a) , 1 L is written as 1
The effective value of 2 L , on the other hand, varies depending upon the angle θ as compared in Fig. 4 (b) to 4(g). When the movable tip of comb length C l is totally out of the SOI plane and
, we presume that the comb finger would not give any contribution to the electrostatic torque ( Fig. 4 (b) and 4(g)). When the movable tip has a partial overlap with the fixed ones and when the angle θ fulfills 1 1 tan tan Fig. 4(a) , where the movable tip is completely aligned flat with the fixed ones, we also presume zero contribution to the electrostatic torque. As a result, the electrostatic torque is expressed as follows:
(a) Electrical capacitance per unit comb length
(b) Electrostatic force per unit comb length Using the design parameters listed in Table 1 and substituting   2 L as discussed, we calculate the electrostatic torque as a function of comb angle θ , as shown in Fig. 5 ; the voltage
The calculated torque has plateaus, where the torque is independent of the applied voltages when the movable comb tip is engaged in between the fixed ones; this effect is similar to that of the lateral comb-drive electrostatic mechanism (11) . The torque is expressed to drastically decrease to zero outside of the shoulders, as we have ignored the fringe effect of the electrical field after the movable comb is disengaged from the fixed combs.
Charge Induction Model
Electrical charge induced on the fixed electrode can also be estimated by integrating the charge ( ) We replace the local displacement of the comb y with the out-of-plane displacement caused by the angular motion of the mirror, x θ ⋅ , and obtain ( )
Substituting the same boundary conditions as discussed in Section 3.2, we obtain the inductive charge on the fixed comb surfaces as a function of θ as ( ) 
The charge induction model is essential to describe the electrical impedance of the electrostatic actuator when it is used as a capacitive device such as silicon resonators (12) , tunable RF (radio frequency) capacitors (13) , and accelerometers (14) .
Equivalent Circuit Model
In our recent publication (8) , we reported a use of PC-based circuit simulator Qucs (Quite Universal Circuit Simulator) (15) to develop an equivalent circuit model for micro actuators. The force-displacement function of suspension and the force-voltage function of electrostatic actuator were described by using the nonlinear dependent current source called EDD (equation defined device) (15) ; the input voltages are cross-referenced in the if-then-clause of Qucs-language equations to define the output current, which were interpreted as mechanical output force or torque of the modeled actuator. Qucs EDD also had a function to self-reference the input voltages to define the electrical charge induced on the input voltage port(s) as a result of voltage application, which was used to describe the electromechanical coupling of the micro actuator. We used these features of Qucs to translate the mathematic expressions of (4) and (7); Qucs EDD implementations for the torque and charge are sampled in the Appendix. As for the output torque, four of equations in (4) are non-zero expressions, and so are five in the inductive charge in (7) . Each one of them is separately interpreted by the EDD current source, and the net output torque is obtained by simply adding the five output ports by parallel connection, as shown in Fig. 6 . The equivalent circuit model for the vertical comb-drive actuator has been made into a sub-circuit model with two voltage input ports, one angular displacement input port, and one torque output port; the module has been then set in the feedback circuit loop to calculate the angle as a function of applied voltage by equating the electrostatic torque of the actuator with the mechanical restoring torque of the torsion bar (8) . Equivalent circuit diagram for the solver module is shown in Fig. 7 . Thanks to the standard library of Qucs, we had an option to use various types of input voltages such as single pulse, periodic pulse, and sinusoidal voltages. It was also possible to assemble a driver circuit module An ) for more complicated functions such as PWM (pulse width modulation).
Model Parameter Fitting
Dynamic Response
We used the equivalent circuit model to describe the electromechanical behavior of the optical scanner by parameter fitting. As the first step, we took the frequency response of the scanner to find the parameters for the equation of motion, I c k T θ θ θ θ ⋅ + ⋅ + ⋅ = , where I , c , and k θ are the moment of inertia, the coefficient of viscous damping, and the torsional spring constant, respectively. Amongst of these three parameters, I is predictable from the design parameters of the optical scanner, while c is difficult to foresee because the multiple paths of energy loss should be considered, including the viscous air flow and the vibration transfer to the suspension anchors. In addition, k θ can be roughly estimated from the design parameters shown in Table 1 but more accurate retouch is needed by using the suspension width s w as a fitting parameter. By considering the mirror plate dimensions m m l w × and the plate thickness h , the most significant contribution to the moment of inertia is calculated as ( 2.33 10 kg/m ) ρ = × is the density of silicon. We also consider the mass of the comb fingers extending out on the mirror edges as well as the round bulges, where the suspensions are connected to the mirror, as seen in Fig. 1(a) ; they give no negligible contribution but an additional 30% to the total moment of inertia of shown by the dashed curves in Fig. 8(a) and (b), however, the theoretical resonance was found to be higher than the experimentally obtained 463 Hz most plausibly due to the suspension width that had been thinned through the fabrication processes such as photolithography and DRIE. The suspension width was hence used as the first fitting parameter to bring the theoretical resonant frequency to match with the experimental one; a value of 2.6 µm for s w was found for fitting. Another fitting parameter was the damping coefficient . After these procedures, the theoretical frequency spectrum was found to fit fairly well with the experimental results, as shown by the solid curves in Fig. 8(a) and 8(b) .
Static Response
The static tilt angle as a function of voltage shown by the dots shown in Fig. 9 also gave a hint to tailor the equivalent circuit model. Having found the appropriate value for the suspension width, we chose the electrostatic gap between the comb fingers as the second most contributing factor for the static displacement. The equivalent circuit solver (Fig. 8 ) in transient analysis mode was used to numerically solve the angle-voltage curve governed by the equilibrium condition that gap to predict the tilt angle as a function of drive voltage, only to discover the tilt angle was underestimated as shown by the dotted curve in Fig. 9 . At this point, again, we used the suspension width of 2.6 µm (found as a fitting parameter for the resonant frequency) and used the gap g = 5.6 µm as another fitting parameter to obtain the best match in the small voltage range between 0 V to 6 V, as shown by the solid curve in Fig. 9 .
The discrepancy seen in the large voltage range (over 8 V) in Fig. 9 can be explained by the assumption we set that the fringe effect had been neglected. The actual electrostatic field is concentrated at the edges of the comb fingers that give additional contribution to the electrostatic capacitor as schematically illustrated by the dashed curve in Fig. 10(a) , where the transition occurs smoothly. This alternation rounds off the sharp corners in the force-displacement curve as shown in Fig. 10(b) , and therefore the net force becomes smaller near the boundaries. High precision model can be constructed by preparing an electrostatic capacitor model of ( ) C θ by the FEM (finite element model) simulation as independently reported by Urey (2) and Takahashi (17) ; one needs to, however, repeat the FEM simulation every time design parameters are changed. In this work, on the other hand, we focus on a rather simple and straightforward model to comprehend the dynamic behavior of the vertical comb scanner as discussed in the next section.
Verification of PWM Operation
In the process of the scanner development, we discovered that the PWM (pulse-width modulation) with a given pulse height could control the scanner amplitude in resonance, as if it had been controlled with analog voltages. Figure 11(a) plots the experimentally observed oscillation amplitudes at the fundamental resonant mode (463 Hz) as a function of pulse duty ratio at different voltage levels from 4 to 10 V. At a 50% duty ratio and around, the amplitude became saturated to 2 degrees with voltages over 6 V, while larger amplitudes were obtained at shorter pulses. It was also found that the oscillation peak was seen at a shorter pulse when the drive voltage became higher. Within the short pulse range, the oscillation amplitude was found to be proportional to the duty ratio, as shown in Fig. 11(b) . The sampled data points between duty ratio 0% and 14% were used to find a linear fit by the least square method for each drive voltage. Maximum deviation from the linear fit was found to be less than 3%; this performance is thought to have a good compatibility with the digital control system, as the oscillation amplitude can be tuned by the pulse-width modulated signal of a fixed voltage level. PWM operation may increase the jitter of the scanner oscillation, which would burr the image when it is used as a scanner for the endoscope application. To speculate the effect of jittering, we looked at the FFT (fast Fourier transform) spectrum of the scanner motion for the magnitude of the 2 nd order or higher harmonic modes caused by the sinusoidal and PWD voltage operations as shown in Fig. 12 (a) and (b), respectively; a biased sinusoidal voltage (valley-to-peak 0 ~ 3.8 V) and a positive pulse PWD voltage (0 or 4 V) at the same frequency were used to adjust the oscillation at the same level. Due to the nature of nonlinearity in the electrostatic operation, the 2 nd order oscillation was already included even in the sinusoidal voltage operation, and its amplitude was found to be 1.1% of that of the fundamental mode. Under the PWM operation, on the other hand, the higher mode oscillations were found to be relatively larger than that of the sinusoidal voltage operation. This result suggests that the waveform should be carefully tuned for the PWM operation to suppress the higher modes.
The pulse-width dependence of the amplitude can be explained by the timing for the movable comb to pass through the gap between the fixed combs. The passing velocity at high voltage is usually faster than that at low voltage, and hence the electrostatic torque acts for only a short period of time to accelerate the mirror; if the pulse width of the voltage is intentionally extended more than that period, the movable comb on the way from the fixed ones is rather pulled backward due to the remaining attractive electrostatic torque, resulting in degraded oscillation amplitude. For large amplitude, in other words, voltage should be applied at the timing only when the movable comb is returning to the neutral position.
We verified this hypothesis by using the developed equivalent circuit model. The pulse source in Fig. 7 was replaced with a periodic pulse source that changed the duty-ratio in time as shown in Fig. 13(a) , and the scanner's oscillation was numerically calculated for a time span of 0.5 seconds. The duty ratio was kept constant at 1% for the first 0.1 seconds to wait for the oscillation stabilized, and then it was linearly increased to 99%. The oscillation took the amplitude peak around the duty ratio of 10% and then decayed as the duty ratio increased, as shown in Fig.  13(b) . We numerically processed the results by sampling the peak-to-peak oscillation and calculated the amplitude as a function of duty ratio as shown in Fig. 14(a) ; the results reproduced well the experimental data (Fig. 11) , except that the peak amplitudes were calculated to be higher than those of the experimental results. The scanner under test was not an ideal harmonic oscillator but it had the higher modes, as indicated by the FFT analysis in Fig. 12 . With increasing the oscillation amplitude, the scanner's fundamental mode becomes more likely to couple with the higher modes and it is thought to have failed to confine the energy to one mode. We also found a linear fit to the oscillation amplitude within the first 14% range as shown in Fig. 14(b) , where maximum deviation from the linear fit was less than 4%.
Oscillation angle of the endoscope optical scanner is tuned to control the magnification power of visualization; large scan angle is for coarse and low power imaging, while small scan angle for fine and high magnification. Conventional MEMS optical scanner usually adopted analog voltage control to tune the oscillation amplitude. As seen in Fig. 11 and Fig. 14 , however, the amplitude of the vertical comb-drive scanner has been found to have strong nonlinearity with respect to the drive voltage particularly when the duty ratio is greater than 10%. This implies that one would need to consult with a pre-calibrated look-up table to speculate the voltage level needed to attain the target scan angle. It is rather recommended, therefore, that the scanner angle would be controlled by the PWM of narrow pulse width (duty ratio < 10%) at a given voltage level, as the drive circuit can be simply assembled with a compact digital electronics with a level shifter circuit (19) . 
Conclusions
An equivalent circuit model for the electrostatic vertical comb-drive torsion mirror scanner has been developed based on the parallel plate capacitor with rotational angular motion that is described with the design parameters such as comb height, length, gap, and position. The electrostatic model has been co-solved with the restoring torsion spring model in both static and dynamic modes using the electrostatic circuit simulator. A procedure has been studied to tailor the device model to fit the experimental results by using three fitting parameters, namely the suspension width, the damping coefficient in the equation of motion, and the lateral gap between the comb electrodes. We used the developed behavior model for the vertical comb-drive to simulate the dynamic response, and verified an idea of controlling the amplitude of the vertical-comb scanner in resonance by the pulse-width modulated voltage; the result suggested the compatibility of the scanner with the digital electronics to control the scanner's amplitude at resonance by the duty ratio of the voltage. 
